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ON THE POLAR DERIVATIVE OF A POLYNOMIAL
N. A. RATHER, S. H. AHANGAR AND SUHAIL GULZAR
Abstract. Let P (z) be a polynomial of degree n having no zero in
|z| < k where k ≥ 1, then for every real or complex number α with
|α| ≥ 1 it is known
max
|z|=1
|DαP (z)| ≤ n
(
|α|+ k
1 + k
)
max
|z|=1
|P (z)|,
where DαP (z) = nP (z) + (α − z)P
′(z) denote the polar derivative of
the polynomial P (z) of degree n with respect to a point α ∈ C. In this
paper, by a simple method, a refinement of above inequality and other
related results are obtained.
1. Introduction and statement of results
If P (z) is a polynomial of degree n, then concerning the estimate of
|P ′(z)| on the unit disk |z| = 1, we have
max
|z|=1
∣∣P ′(z)∣∣ ≤ nmax
|z|=1
|P (z)| . (1.1)
Inequality (1.1) is an immediate consequence of Bernstein’s inequality on
the derivative of a trigonometric polynomial (for reference, see [8], [9] or
[10]). Equality in (1.1) holds for P (z) = azn, a 6= 0.
If we restrict ourselves to the class of polynomials having no zero in |z| < 1,
then inequality (1.1) can be replaced by
max
|z|=1
∣∣P ′(z)∣∣ ≤ n
2
max
|z|=1
|P (z)| . (1.2)
Inequality (1.2) was conjectured by Erdo¨s and later verified by Lax [5].The
result is sharp and equality holds for P (z) = αzn + β, |α| = |β| 6= 0.
As an extension of (1.2), Malik [7] proved that if P (z) is a polynomial of
degree n which does not vanish in |z| < k where k ≥ 1, then
max
|z|=1
∣∣P ′(z)∣∣ ≤ n
1 + k
max
|z|=1
|P (z)| . (1.3)
The result is best possible and equality in (1.3) holds for P (z) = (z + k)n.
Let DαP (z) denote the polar derivative of the polynomial P (z) of degree
n with respect to the point α ∈ C, then
DαP (z) = nP (z) + (α− z)P
′(z).
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The polynomial DαP (z) is of degree at most n − 1 and it generalizes the
ordinary derivative in the sense that
lim
α→∞
DαP (z)
α
= P ′(z).
A. Aziz [1] extended inequality (1.3) to the polar derivative and proved
that if P (z) is a polynomial of degree n having no zero in |z| < k where
k ≥ 1, then for α ∈ C with |α| ≥ 1
max
|z|=1
|DαP (z)| ≤ n
(
|α|+ k
1 + k
)
max
|z|=1
|P (z)|. (1.4)
The result is best possible and equality in (1.4) holds for the polynomial
P (z) = (z + 1)n.
The bound in (1.4) depends only upon the modulus of the zero of small-
est modulus and not on the moduli of other zeros. It is interest to obtain a
bound which depends upon the location of all the zeros rather than just on
the location of the zero of smallest modulus.
In this paper, by a simple method, we first present the following result
which is a refinement of inequality (1.4).
Theorem 1.1. Let P (z) = an
∏n
ν=1(z − zν) be a polynomial of degree n. If
|zν | ≥ kν ≥ 1 where 1 ≤ ν ≤ n, then for α ∈ C with |α| ≥ 1,
max
|z|=1
|DαP (z)| ≤ n
(
|α|+ t0
1 + t0
)
max
|z|=1
|P (z)|, (1.5)
where
t0 =


1 +
n∑n
ν=1
1
kν−1
if kν > 1 for all ν, 1 ≤ ν ≤ n
1 if kν = 1 for some ν, 1 ≤ ν ≤ n.
(1.6)
Remark 1.2. If kν ≥ k, k ≥ 1 for 1 ≤ ν ≤ n, then t0 ≥ k which implies
|α|+ t0
1 + t0
≤
|α|+ k
1 + k
for |α| ≥ 1.
This shows (1.5) is refinement of inequality (1.4).
Remark 1.3. If we divide the two sides of inequality (1.5) by |α| and letting
|α| → ∞, we get a result due to Govil et. al. [4].
Next, as an application of Theorem 1.1, we present the following result.
Theorem 1.4. Let P (z) = an
∏n
ν=1(z−zν) be a polynomial of degree n with
P (0) 6= 0. If |zν | ≤ kν ≤ 1, 1 ≤ ν ≤ n, then for δ ∈ C with |δ| ≤ 1,
max
|z|=1
|DδP (z)| ≤ n
(
1 + |δ| s0
1 + s0
)
max
|z|=1
|P (z)|, (1.7)
where
s0 =


1 +
n∑n
ν=1
kν
1−kν
if kν < 1 for all ν, 1 ≤ ν ≤ n
1 if kν = 1 for some ν, 1 ≤ ν ≤ n.
(1.8)
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Remark 1.5. If kν ≤ k ≤ 1 for 1 ≤ ν ≤ n, then 1/k ≤ s0 which implies
1 + |δ| s0
1 + s0
≤
|δ|+ k
1 + k
for |δ| ≤ 1.
Therefore, it follows that if P (z) is a polynomial of degree n having all its
zeros in |z| < k where k ≤ 1, then for δ ∈ C with |δ| ≤ 1,
max
|z|=1
|DδP (z)| ≤ n
(
|δ| + k
1 + k
)
max
|z|=1
|P (z)|. (1.9)
The result is sharp.
2. Lemmas
For the proof of these theorems, we need the following lemmas. The first
lemma is due to Gardner and Govil [2].
Lemma 2.1. Let P (z) = an
∏n
ν=1(z − zν) be a polynomial of degree n. If
|zν | ≥ kν ≥ 1, 1 ≤ ν ≤ n, then for |z| = 1,
|Q′(z)| ≥ t0|P
′(z)|, (2.1)
where Q(z) = znP (1/z) and t0 is given by (1.6).
Lemma 2.2. Let P (z) be the polynomial of degree n and Q(z) = znP (1/z)
then for |z| = 1,
|P ′(z)| + |Q′(z)| ≤ nmax
|z|=1
|P (z)|. (2.2)
This is a special case of a result due to Govil and Rahman [6].
3. Proof of Theorems
Proof of Theorem 1.1. Let Q(z) = znP (1/z), then for |z| = 1, it can be
easily verified that
|P ′(z)| = |nQ(z)− zQ′(z)| and |Q′(z)| = |nP (z)− zP ′(z)|. (3.1)
Now, for every real or complex number α and |z| = 1, we have by using
(3.1),
|DαP (z)| = |nP (z) + (α − z)P
′(z)|
≤ |α||P ′(z)| + |nP (z)− zP ′(z)|
= (|α| − 1)|P ′(z)| + |P ′(z)| + |Q′(z)|. (3.2)
Multiplying the two sides of inequality (3.2) by t0 and using Lemma 2.1, we
obtain for |α| ≥ 1,
t0|DαP (z)| ≤ (|α| − 1)t0|P
′(z)| + t0(|P
′(z)|+ |Q′(z)|)
≤ (|α| − 1)|Q′(z)|+ t0(|P
′(z)| + |Q′(z)|) for |z| = 1. (3.3)
Adding (3.2), (3.3) and using Lemma 2.2, we get for |α| ≥ 1 and |z| = 1,
(1 + t0)|DαP (z)| ≤ (|α|+ t0)(|P
′(z)|+ |Q′(z)|) (3.4)
≤ n(|α|+ t0)max
|z|=1
|P (z)|,
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which gives
|DαP (z)| ≤ n
(
|α|+ t0
1 + t0
)
max
|z|=1
|P (z)| for |z| = 1. (3.5)
This completes the proof of theorem 1.1. 
Proof of Theorem 1.4. Since P (z) = an
∏n
ν=1(z − zν) where |zν | ≤ kν ≤
1, ν = 1, 2, · · · , n with P (0) 6= 0, Q(z) = znP (1/z) = an
∏n
ν=1(1 − z¯νz) is
a polynomial of degree n with
∣∣∣ 1zν
∣∣∣ ≥ 1kν ≥ 1. Applying Theorem 1.1 to the
polynomial Q(z) and noting that |P (z)| = |Q(z)| for |z| = 1, we obtain for
α ∈ C with |α| ≥ 1 and |z| = 1,
max
|z|=1
|DαQ(z)| ≤ n
(
|α| + s0
1 + s0
)
max
|z|=1
|P (z)|, (3.6)
where
s0 =


1 +
n∑n
ν=1
kν
1−kν
if kν < 1 for all ν, 1 ≤ ν ≤ n
1 if kν = 1 for some ν, 1 ≤ ν ≤ n.
Again, for |z| = 1 so that zz = 1, we have
|DαQ(z)| = |nQ(z) + (α− z)Q
′(z)|
=
∣∣∣nznP (1/z) + (α− z){nzn−1P (1/z)− zn−2P ′(1/z)}∣∣∣
=
∣∣∣α{nzn−1P (1/z)− zn−2P ′(1/z)}+ zn−1P ′(1/z)∣∣∣
=
∣∣∣α(nP (z)− zP ′(z))+ P ′(z)∣∣∣
= |αnP (z) + (1− αz)P ′(z)| = |α||D1/αP (z)|.
Hence, from (3.6), we get
|α|max
|z|=1
|D1/α¯P (z)| ≤ n
(
|α|+ s0
1 + s0
)
max
|z|=1
|P (z)|. (3.7)
Replacing 1/α by δ, we obtain for every real or complex number δ with
|δ| ≤ 1,
max
|z|=1
|DδP (z)| ≤ n
(
1 + |δ| s0
1 + s0
)
max
|z|=1
|P (z)|. (3.8)
This completes the proof of theorem 1.4. 
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